
462 J. AIRCRAFT VOL. 20, NO. 5

Computation of Nonlinear Supersonic Potential Flow
over Three-Dimensional Surfaces

M. J. Siclari*
Grumman Aerospace Corporation, Bethpage, New York

A fully implicit three-dimensional marching technique is presented for the computation of inviscid supersonic
flows. The nonconservative full potential equation is solved on spherical cross-flow planes using standard
transonic SLOR techniques. The three-dimensional bow shock is fitted as a boundary with isentropic jump
conditions, and embedded shocks are captured. Applications of these techniques are presented for three-
dimensional bodies, wings, and wing-body configurations and the computed solutions are compared to ex-
perimental pressure data. Zero-lift wave drag calculations are also presented and compared with measurements
to evaluate the accuracy of the present techniques.

Introduction

THE importance of predicting nonlinear effects in
supersonic flow (i.e., supercritical cross flows, embedded

shock waves) has been demonstrated in several past ex-
perimental and numerical studies.1'6 Panel methods that
satisfy the linearized potential equation entirely neglect
nonlinear effects. Over the past two decades, panel methods
in supersonic flow (e.g., Ref. 7) have matured into
sophisticated aerodynamic tools capable of treating somewhat
arbitrary three-dimensional aircraft geometries. With this
new level of sophistication of supersonic panel methods also
comes the increasing penalty of user complexity and com-
putational time requirements. Although panel methods will
not be replaced in the near future for the treatment of very
complex geometries, the pursuit of a nonlinear supersonic
method that solves the full potential equation is becoming an
attractive supplement to the linearized techniques, with the
long-range goal of accurately treating increasingly complex
geometry. As full potential solvers become increasingly ef-
ficient,4'8'11 nonlinear codes are becoming competitive with
the linearized techniques and may even be more efficient in
predicting detailed pressure distributions that require a large
number of panels or computational points.

In Ref. 3, an implicit numerical technique was presented to
solve the nonconservative full potential equation for conical
flows on a conformally mapped grid that uses a Joukowski
transformation to resolve the wing leading edge. The
assumption of conical similitude reduces the three-
dimensional full potential equation to an equation on the
spherical cross-flow surface that closely resembles the two-
dimensional transonic nonconservative full potential
equation. Hence, the numerical techniques used to solve this
equation draw heavily on transonic techniques.12 This method
also captures both bow and embedded cross-flow shocks and
was shown to be highly successful and efficient for a variety
of conical geometries. The use of a spherical coordinate
system ameliorates the axial Mach number problem for
typical wing geometries, allowing the computation of flows at
much lower Mach numbers. The conical flow code (COREL)
was used to tailor the design of a high-lift supercritical
conically cambered wing (SC3). The design was successful in
meeting the design goals, and the experimental data validated
the accuracy of the technique.13 Shankar et al.10 have also
shown considerable success in computing inviscid supersonic
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conical flow solutions of the conservative full potential
equation. A computed conical solution of Ref. 10 was
compared to the solution of Ref. 3 and was found to be in
excellent agreement.

The success of the nonlinear conical flow methodology led
to extending these techniques to include three-dimensional
flows. This task was initiated for delta wing geometries and
axisymmetric bodies in Ref. 4. The implicit techniques used
for solving the conical flow equation were extended to include
nonconical flows by implicitly marching on spherical planes
and capturing all shocks. In order to treat more arbitrary and
highly nonconical geometries it was further found that a bow
shock fitting technique would be more appropriate and ac-
curate. In Ref. 9, an implicit isentropic bow shock fitting
technique (BSF) was presented for conical and axisymmetric
flows. These techniques are extended in the present study to
three-dimensional flows with the bow shock isentropically fit
as a boundary. Fitting the bow shock eliminates the inac-
curacies associated with capturing techniques and also
eliminates the problem of a priori defining a three-
dimensional mesh adequate to capture the bow shock within
its boundaries. Recently, Shankar11 has also extended his
techniques to include nonconical flows about axisymmetric
bodies and they compare favorably with the results of Ref. 4.

Analytically defined geometry is always the first choice,
but, unfortunately, is not always available. For practicality,
the geometry of Ref. 17, which uses bicubic surface patches,
has been included in the present version of the nonlinear code
commonly referred to as NCOREL. The current capability of
the patch geometry as adapted for use in NCOREL includes
body, wing, and wing-body geometries.

The intent of the present study is to apply the methodology
of Refs. 4 and 9 to a variety of three-dimensional geometries,
where wind tunnel data are available for correlation, to show
the accuracy and flexibility of the nonlinear analysis for
complex geometries. These geometries include three basic
types: arbitrary body, wings, and blended wing-body con-
figurations.

Analytic Forebodies
A series of analytically defined forebodies were tested at

supersonic speeds ranging from M^^l.70 to 4.50 and the
pressure data is available in Ref. 14. Two of these body shapes
were chosen to determine the accuracy of NCOREL with
respect to surface pressure data at M^ = 1.70. All the com-
putations were carried out on a 38x30x50 mesh, where 38
points were distributed around the body and 50 radial
marching steps or Az/L = 0.02 were used. The Joukowski
mapping was not implemented for these body shapes. The
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Fig. 1 Axial pressure distribution on a parabolic arc body with lobed
cross section at Mw = 1.70. a) a = 5.35 deg. b) a = 10.35 deg.

total run times ranged from 4 to 7 min on an IBM 370/168,
with the spherical geometry generation requiring ap-
proximately 2-3 min of the total run time.

Figures la and Ib show the computed windward and
leeward symmetry plane pressures compared to the test data
at 71̂  = 1.70 for a parabolic arc body with a lobed cross
section at a = 5.35 and 10.35 deg, respectively. The test data
do not exhibit a smooth behavior owing to either probe or
geometric inaccuracies. Excellent overall comparison is
achieved at these angles of attack. Figure 2 shows a com-
parison of the computed azimuthal pressure distributions with
data for the same body at M^^l.70, a= 10.35 deg for
several axial locations. Excellent agreement in the azimuthal
shape of the pressure distribution is achieved with a slight
difference in the magnitude of the pressure levels.

Figure 3 shows another set of comparisons for a fuselage
forebody shape at M^l.70, a=1.00 and 5.01 deg. Ac-
cording to Ref. 14, the first five pressure taps were incorrectly
located and hence do not necessarily lie on the symmetry
planes and should be disregarded. Figure 4 shows the
azimuthal pressure distributions for the same body at
Mx = 1.70, a = 1.00 deg for several axial locations.

Overall excellent agreement with the test data was achieved.

Analytic Arrow Wing
Reference 15 reports on a series of wind tunnel tests for

four analytically defined arrow wings. This experiment was
selected because of the availability of detailed spanwise data
at several stations for a three-dimensional configuration. The
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Fig. 2 Azimuthal pressure distribution on a parabolic arc body with
lobed cross section, Mm = 1.70, a = 10.35 deg.
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Fig. 3 Axial pressure distribution on a fuselage forebody shape,
Af =1.70.
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Fig. 4 Azimuthal pressure distribution on a fuselage forebody,
A/0 0=1.70,a=ldeg.

R = 2.501 h63.43° ̂
(0.9845)

Fig. 5 Arrow-wing wind tunnel models showing pressure orifice
locations. Dimensions are in centimeters (inches) (Ref. 15).

basic symmetrical wing configuration referred to as model 1
with a sweep angle A = 63.43 deg was used for the present
study (see Fig. 5). The analytical geometry was kindly sup-
plied by G. Moretti of Polytechnic Institute of New York
(PINY) in the form of a computer subroutine.

The geometry consists of a wing with a straight leading edge
and a circular centerbody emerging from the wing down-
stream of the apex. The variable sweep trailing edge of the
wing remains a supersonic trailing edge for all Mach numbers
tested. The geometry was run in NCOREL at the lowest test
Mach number of 2.36. A 57 x 41 cross-flow plane grid and 40
radial steps were used for the computation.

Figure 6 shows the correlation achieved for a = 6 deg and
span stations Z/L = 0.30, 0.50, 0.65, and 0.80. The computed
results at a spanwise station were obtained by interpolation of
the results from the spherical surfaces. The body has already
emerged from the wing at the first span station (Fig. 6a),
where Z/L = 0.30. The grid definition of the body is adequate
at this station. The computed pressures do not indicate any
localized spanwise effect due to the wing-body juncture,
although the test data show a slight variation in the vicinity of
the juncture. A cross-flow shock is not indicated in either the
experimental data or the computed results at this station.
Figures 6b and 6c show two further downstream stations. The
formation of a weak cross-flow shock is now evident. At these
stations the grid definition of the body is rather poor yet the
correlation in pressures remains excellent. Figure 6d shows a
station downstream of the trailing edge of the wing. No at-
tempts were made to actually compute the wake. Instead, a
flat plate approximation for the wake was used to indicate the
type of results that could be achieved with this crude ap-

proximation. Since the trailing edge is supersonic, the inviscid
solution on the wing surface should not be influenced by the
wake approximation. Remarkably good comparison is
achieved on the wing surface using this approximation. The
computed results indicate trailing-edge shocks which occur
because of the supersonic nature of the trailing edge. The
local solution for the shocks in the vicinity of the trailing edge
is not good because of the erroneous flat plate approximation
as well as boundary-layer effects and artificial smearing of the
oblique trailing-edge shocks. Smearing of the trailing-edge
shocks occurs because grid points are not necessarily located
on the exact trailing edge of the wing and also owing to the use
of numerical central difference formulas for the computation
of body spanwise slopes. The computed body pressures do not
correlate with the test data. This was expected because the
wake of the wing has a definite influence on the body, unlike
on the wing. Some difficulty in the geometry of the flat plate
wake occurred, as indicated in Fig. 6d by the wake crossover.

The computed results have a tendency to slightly under-
predict the supercritical pressures and indicate a slightly
downstream position of the cross-flow shock in comparison
with the test data. This discrepancy may in part be due to the
rotational effects associated with the high Mach number, of
2.36 which are neglected in the present potential theory.

Higher angles of attack were not computed because the
experimental pressure distributions indicated a flat leeward
pressure distribution with the absence of a cross-flow shock.
This is generally indicative of leeward surface boundary-layer
separation and correlation with inviscid solutions would not
be expected.

Supersonic Cruise Aircraft
A more stringent test of the code in computing wing-body

geometries is the type of configuration where the body origin
lies upstream of the wing origin which is typical of any
realistic aircraft. This type of geometry leads to the formation
of an embedded oblique wing shock. Reference 16 contains
spanwise surface pressure data for a supersonic cruise aircraft
configuration at Mach numbers 2.30, 2.96, and 3.30.
Reference 16 was chosen because it also contains detailed
measured geometric data of the complete aircraft in the form
of an input data set consistent with the patch geometry
requirements of Ref. 17.

Figure 7 shows the panel definition of the aircraft and the
location of some of the pressure stations used for comparison
defined in aircraft model coordinates (in inches). The
geometry data set of Ref. 16 was modified for use in
NCOREL. The engine nacelles and vertical tails were
removed. The wing model contains a total of 650 panels and
the fuselage model, which was made simpler than that of Ref.
16, contains a total of 328 panels. The Joukowski mapping
singularity was then tied to the evolution of the wing. Hence,
the mapping singularity remains on the axis of the aircraft
until the wing origin, the singularity then moves continuously
outward with the wing as the wing emerges from the fuselage.
This procedure was found to be necessary because abrupt
changes in singularity location cause abrupt changes in the
mesh and lead to erroneous results. The camber of the wing
centerline section was also modified to make the apex of the
wing coincide with the origin of the fuselage so that the
mapping, singularity smoothly departs from the origin of the
fuselage.

Some preliminary computations were carried out at
M00=2.30. A 58x58 cross-sectional mesh was used with a
marching step size of AZ = 2 which yielded approximately 23
steps to the centerline trailing edge of the wing. Figure 8
shows an isometric plot of the spanwise cross sections and
pressure distributions at M00=2.30, a: = 4.82 deg. As noted
earlier, the numerical program marches on spherical surfaces
using the spherical cross-sectional geometry. Figure 8 was
obtained from the spherical data by linear interpolation. A
large low-pressure spike occurs as the wing emerges from the
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Fig. 6 Spanwise pressure distribution on an analytically defined arrow wing, M00=2.36, a = 6 deg. a) Z/L = 0.30. b) Z/L = 0.50.
c) ZIL = 0.65. d) Z/L = 0.80.
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Fig. 7 Input panel model of supersonic cruise aircraft showing
pressure data stations used for comparison.

fuselage (A*—14). The spike remains throughout and a cross-
flow shock quickly develops. Interesting to note is the
pressure depression that occurs due to the fuselage. Just after
the wing emerges, the pressure distribution exhibits large
oscillations on the leeward surface, causing convergence
problems. This may be related to oscillations in the geometry
or, perhaps, to the simultaneous development of the oblique

embedded wing shock due to the wing emergence from the
fuselage and the appearance of the supercritical cross-flow
shock.

If a thin wing (i.e., in comparison to the fuselage) emerges
from the fuselage a new scale to the problem is created. In the
wing-body calculation, only a few points will be distributed
between the newly emerged wing surface and oblique wing
shock embedded in the fuselage flowfield. As the oblique
wing shock moves away from the wing surface towards the
bow shock, the resolution becomes better. It is suspected that
this is the primary difficulty being encountered in the vicinity
of the wing emergence from the fuselage. The lack of
resolution can create oscillations and convergence problems,
especially if a supercritical region has developed. A stretching
of the coordinates creating a cluster near the newly emerged
wing surface may be necessary to alleviate this problem.

The computed results show a large suction spike at the
leading edge with a steep adverse pressure gradient. The
computed solution indicates that the suction spike induces a
cross-flow shock. The flow then expands slightly to further
recompress through a second cross-flow shock. This unusual
behavior is most probably caused by the small nose radius and
rather large camber. The suction spike would most probably
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Fig. 8 Isometric view of spanwise cross sections and pressure
distributions (AA> 2).

cause the leading edge to separate. Figure 9 shows a series of
comparisons at M^ =2.30 and a = 4.82 deg between a wing-
body and wing-alone calculation with the corresponding test
data. The presence of the body has a minor effect on the
windward pressures and a significant but local effect on the
leeward surface, yielding a compression from the wing-body
juncture to the centerline. Both wing and wing-body
calculations exhibit leading-edge suction spikes, with the
wing-body exhibiting a more inward location and a slightly
stronger cross-flow shock. Overall the two calculations
compare favorably with only minor and expected differences.

The leeward surface experimental pressure data do not
indicate a suction spik'e or a cross-flow shock. The absence of
a cross-flow shock in the experimental data as the wing
becomes thinner must be due to leading-edge boundary-layer
separation.

The lack of correlation in the leeward surface pressures led
to a closer inspection of the test data. Two intermediate
stations where only leeward pressure data points were taken
are plotted for comparison in Figs. lOa and lOb for a = 2.81
and 4.82 deg without the wing-alone solutions. Remarkably
good correlation was achieved with the leeward pressures at
these two intermediate stations. Interesting to note is that the
two intermediate stations exhibit cross-flow shocks at the
higher angle of attack (a = 4.82 deg). Also, if one compares
the station of Fig. 10 with the stations shown in Fig. 9, the
experimental leeward data of the two intermediate stations are
distinctly different from their neighboring stations.

Unfortunately, there is no way of knowing how much
leading-edge separation is occurring or the reliability and
accuracy of the test data, given the strange behavior for the
leeward surface pressures. This is always the case when a
configuration has been tested without prior nonlinear
analysis. In the future, three-dimensional wings and wing-
bodies will be designed with the nonlinear analysis codes to
prevent or minimize leading-edge separation and, we hope,
more fully validate the nonlinear analysis in the wind tunnel.
One such test will be conducted in the near future at NASA
Langley for a realistic three-dimensional wing.

Zero-Lift Wave Drag
Figure 11 shows a series of numerical computations at

several Mach numbers for a three-dimensional delta wing
(A = 71.57 deg) at 0 angle of attack. The Weber version (see
Ref. 18) of the Squire delta wing has a circular arc centerline
thickness distribution with elliptic spanwise cross sections. To
compute the entire wing in a spherical coordinate system, a
flat plate was inserted for the wake geometry. This is a valid
approximation since the wing is symmetric and at 0 angle of
attack. The computed pressures on the wing were integrated

a) -.4
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b) -.4

Fig. 9 Comparison of computed wing-alone and wing-body con-
figurations with pressure data for M^ =2.30, a = 4.82 deg. a) Station
31.313. b) Station 35.438.

to obtain the zero-lift wave drag values at several different
Mach numbers and were compared to experimental values
and the Squire linearized analysis. This computation was
suggested by Mason because it had been noted earlier in Ref. 5
that linearized theory has a tendency~to overpredict the drag.
Hence the opportunity exists of achieving lower levels of drag
using a more accurate nonlinear analysis tool. The nonlinear
code shows a marked improvement above Mach 1.8 for the
difficult prediction of zero-lift wave drag. The discrepancies
at the lower Mach numbers are being investigated. At the
Mach numbers 1.5 and 1.6, the linearized results show slightly
better agreement. The accuracy of the nonlinear analysis
depends upon the accuracy of capturing the oblique trailing-
edge shocks. To better resolve these shocks, a windward
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Fig. 10 Comparison with surface pressure data for a supersonic
cruise aircraft at Mw =2.30, a = 2.81 and 4.82 deg. a) Station 33.375.
b) Station 38.156.
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Fig. 11 Computed and measured zero-lift wave drag on the Squire
delta wing.

the trailing edge of the wing. Also, centered differences were
used to determine the circumferential body slopes. All of this
tends to artificially smear the oblique trailing-edge shock. The
surface pressures on the wing should not be influenced by the
trailing-edge shocks, but, unfortunately, the above numerical
approximations that tend to smear the trailing edge affect the
wing pressures slightly. In the future, numerical calculations
will be performed where the trailing edge of the wing will be
defined in the code to facilitate the proper differencing to
accurately capture the oblique trailing-edge shocks.

Conclusions
A nonlinear supersonic analysis code (NCOREL) has been

developed for computing inviscid flows over arbitrary bodies,
wings, and wing-body configurations. The code has been
shown to be extremely successful in computing arbitrary
bodies and blunt leading-edge wings.

Preliminary calculations using aerodynamic input data and
point body definition with spline and bicubic surface patch
fitting for the geometry has been carried out on a realistic
wing-body configuration. Varying degrees of correlation were
achieved. Inconsistencies in the leeward pressure data were
apparent, causing one to suspect the accuracy or validity of
the test data and geometric input.

The additional scale to the problem, generated by the newly
emerged wing, causes resolution difficulties. This may be
resolved in the future by including a stretching that clusters
grid points near the wing surface as the wing emerges from the
fuselage.

The zero-lift wave drag was computed on a delta wing with
an elliptical cross section by integration of the numerical
pressure data. Excellent agreement with measured data was
obtained between M00 = l.$ and 2.8, showing a marked
improvement over analytical and numerical linearized
analyses. Some discrepancy occurred in the lower Mach
number range near MQO = 1.5. Trailing-edge shock smearing
may be partly responsible for this discrepancy. A more ac-
curate treatment of the wing trailing edge and wake will be
investigated in future applications.

differencing was used to determine the numerical surface
slopes in the radial marching direction. Less smearing of these
shocks occurred when this was done and slightly better
correlation was achieved. No attempts were made in the
nonlinear analysis to actually delineate the trailing edge of the
wing. Aft of the trailing edge the spherical cross sections take
on a lobed appearance outboard of the wake region. A grid
point on the body surface did not necessarily fall exactly on
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